Abstract
Introduction
Concepts are used to describe how the data is organized in the data sources and to map such data to the concepts described in the Domain Ontology. These concepts are used to apply extensively to business semantics described in the Domain Ontology to support the rewriting of queries, conditions and to combine OLAP features in this process. These semantics support the automatic recommendation of analysis according to the context of users' explorations and guide the decision making, a feature inexistent in current analytical tools.
Considering the H-IFS milk we try to express different ontological semantics, or kind of relations, " Figure. Whole pasteurized milk
Figure 1. H-IFS 'Milk'
If we wish to summarize the sales for example of products of "Pasteurised milk" we need to take into account as well the fact that "Whole Pasteurised milk" may also be treated as "Pasteurised milk".
Previous approaches close to our work are those regarding similar questions in non-fuzzy contexts. In particular, the propagation of preference or possibility degrees in a hierarchy that we propose is in adequacy with the object model, in which a query on a given class is also addressed to the subclasses of this class. Concerning query enlargement, several works such as [1] , [2] use a lattice of concepts to generalise query answers. In studies about possibilistic ontologies [3] , each term of an ontology is considered as a linguistic label and has an associated fuzzy description. Fuzzy pattern matching between different ontologies is then computed using these fuzzy descriptions. This approach is related to those concerning the introduction of fuzzy attribute values in the object relational model [4] .
Also, studies about fuzzy thesauri have discussed different natures of relations between concepts. Fuzzy thesauri have been considered, for instance, in [5] . However, in our context, the terms of the hierarchy and the relations between terms are not vague. These observations led us to introduce the concept of closure of an H-IFS, which is a developed form defined on the whole hierarchy. Intuitively, in the closure of a H-IFS, the "kind of, ≤" relation is taken into account by propagating the degree associated with an element to its sub-elements more specific elements in the hierarchy. For instance, in a query, if the user is interested in the element Milk, we consider that all kinds of Milk, Whole milk, Pasteurised milk, etc. are of interest. On the opposite, we consider that the super-elements (more general elements) of Milk in the hierarchy i.e. Milk are too general to be relevant for the user's query. 
H-IFS
The notion of hierarchical fuzzy set expresses fuzzy values in the case where these values are part of taxonomies, as for food products or bacteria for example.
The definition domains of the hierarchical fuzzy sets that we propose below are subsets of hierarchies composed of elements partially ordered by the "kind of" relation. An element l i is more general than an element l j (denoted l i ~ l j ), if l i is a predecessor of l j in the partial order induced by the "kind of" relation of the hierarchy. An example of such a hierarchy is given in Figure. 1. A hierarchical fuzzy set is then defined as follows.
Definition 3. A H-IFS is an Intuitionistic fuzzy set whose definition domain is a subset of the elements of a finite hierarchy partially ordered by the "kind of" ≤ relation.
For example, the fuzzy set M defined as: {Milk<0.8,0.1>, Whole-Milk<0.7,0.1>, CondensedMilk<0.4,0.3>} conforms to Definition-3. Their definition domains are subsets of the hierarchy given in " Figure 1" .
We can note that no restriction has been imposed concerning the elements that compose the definition domain of a H-IFS. In particular, the user may associate a given <µ, ν> with an element l i and another degree <µ 1 , ν 1 > with an element l j more specific than l i . <µ, ν> ~ <µ 1 , ν 1 > represents a semantic of restriction for l j compared to l i , whereas <µ 1 , ν 1 > ~ <µ, ν> represents a semantic of reinforcement for l j compared to l i . For instance, in the following H-IFS : <1, 0>/ condensed milk + <0.5, 0.1>/Milk, the element condensed milk has a greater degree than the more general element Milk, which corresponds to a semantic of reinforcement for condensed milk compared to Milk.
Closure of the H-IFS
We can make two observations concerning the use of H-IFS:
• Let <1, 0>/condensed milk + <0.5, 0.1>/Milk be an expression of liking in a query. One may also assume that any kind of condensed milk (i.e whole condensed milk) interests the user with <µ, ν> <1,0>.
• Two different H-IFS on the same hierarchy cannot be compared using the classic comparison operations of Intuitionistic fuzzy set theory "see section 2". For example, <1, 0>/ condensed milk + <0.5, 0.1>/Milk and <1, 0>/Milk + <0.2, 0.7>/Pasteurised milk are defined on two different subsets of the hierarchy of " Figure. 1" and, thus, are not comparable. These observations led to the closure of a H-IFS. The kind of (≤) relation is taken into account by propagating the <µ, ν> associated with an element to its sub-elements (more specific elements) in the hierarchy. If the user is interested in the element Milk, we consider that all kinds of Milk are also of interest. On the opposite, we consider that the super-elements (more general elements) of Milk in the hierarchy are too broad to be relevant for the user's query.
Definition 4. Let F be a H-IFS defined on a subset D of the elements of a hierarchy L. Its degree is denoted as <µ, ν>. The closure of F, denoted clos(F), is a H-IFS defined on the whole set of elements of L and its degree <µ, ν> clos(F) is defined as follows.
For each element l of L, let S L = {l 1 , ….,l n } be the set of the smallest super-elements of in D :
In other words, the closure of a H-IFS F is built according to the following rules. For each element l 1 of L:
• If l I belongs to F, then l I keeps the same degree in the closure of F (case where S L = { l I }).
• If l I has a unique smallest super-element l 1 in F, then the degree associated with l I is propagated to L in the closure of F, S L = { l 1 } with l 1 > l I ) • If L has several smallest super-elements {l 1 , ….,l n } in F, with different degrees, a choice has to be made concerning the degree that will be associated with l I in the closure. The proposition put forward in Definition-4, consists of choosing the maximum degree of validity µ and minimum degree of non validity v associated with {l 1 , …,l n }.
• All the other elements of L, i.e., those that are more general than, or not comparable with the elements of F, are considered as non-relevant. The degree <0,0> is associated with them.
Let us consider once more the H-IFS M defined as:{Milk<0.8,0.1>, Whole-Milk<0.7,0.1>, CondensedMilk<0.4,0.3>} which is presented in " Figure. 1".
The case of whole condensed milk is different: The user has associated the degree <0.8,0.1> with Milk, but has given a restriction on the more specific element whole milk (degree <0.7,0.1>). As whole condensed milk is a kind of whole milk it inherits the <µ,ν> associated with whole milk, that is <0.7, 0.1>. If the H-IFS expresses preferences in a query, the choice of the maximum allows us not to exclude any possible answers. If the H-IFS represents an ill-formulated concept, the choice of the maximum allows us to preserve all the possible values of the datum, but it also makes the datum less specific.
Properties of H-IFS
Two different H-IFS, defined on the same hierarchy, can have the same closure, as in the following example.
The Proof According to the definition of the closure of a H-IFS F, definition 4, the closure of F preserves the degrees that are specified in F. As Q and R have the same closure (by definition of the equivalence), an element that belongs to Q and R necessarily has the same degree <µ,ν> in both. We can note that R contains the same element as Q with the same <µ,ν>, and also one more element WholePasteurised-milk<1,0>. The <µ,ν> associated with this additional element is the same as in the closure of Q.
Then it can be said that the element, WholePasteurised-milk<1,0> is derivable in R through Q. Definition 6. Let F be a H-IFS with dom(F) = {l 1 , ….,l n }, and F-k the H-IFS resulting from the restriction of F to the domain dom(F) \ {l k }. l k is deducible in F if <µ, ν>clos (F-k) (l k ) = <µ, ν>clos (F) (l k )
As a first intuition, it can be said that removing a derivable element from a H-IFS allows one to eliminate redundant information. But, an element being derivable in F does not necessarily mean that removing it from F will have no consequence on the closure. For instance, if the element Pasteurised milk is derivable in Q, according to Definition 6, removing Pasteurised-milk <1,0> from Q would not modify the degree of Pasteurised milk itself in the resulting closure, but it could modify the degree of its sub-element Whole-pasteurised-milk. Thus, Pasteurisedmilk <1,0> can not be derived or removed.
Definition 7. In a given equivalence class (that is, for a given closure C), a H-IFS is said to be minimal if its closure is C and if none of the elements of its domain is derivable. For instance, the H-IFS S 1 and S 2 are minimal (none of their elements is derivable). They cannot be reduced further. S 1 = Milk<1,0> S 2 = {Milk<1,0>, WholeMilk<0.7,0.1>, Whole-Pasteurised-milk<1,0>, CondensedMilk <0.4, 0.3>}.
In the next section, a complementary solution is proposed when it comes to lack of answers to a query, i.e. when the user wants to retrieve complementary answers close to his initial query as part of an OLAP environment. New models have appeared to manage incomplete datacube [8] , imprecision in the facts and the definition of fact using different levels in the dimensions [9] . Nevertheless, these models continue to use inflexible hierarchies thus making it difficult to merge reconcilable data from different sources that arise due to different perceptions-views about a particular modelling reality.
Overview of the Cube Model VS Semantics of the IF-Cube
According to [10] In contrast, an IF-Cube is an abstract structure that serves as the foundation for the multidimensional data cube model. Cube C is defined as a five-tuple (D, l, F, O, H) where:
• D is a set of dimensions • l is a set of levels l 1 ,…, l n, 
• F is a set of fact instances with schema F = {<x, µ F (x) , ν F (x)>| x∈ X }, where x=<att 1 , …,att n > is an ordered tuple belonging to a given universe X, µ F (x) and ν F (x) are the degree of membership and nonmembership of x in the fact table F respectively.
• H is an object type history that corresponds to a cubic structure( l, F, O, H′ ) which allows us to trace back the evolution of a cubic structure after performing a set of operators i.e. aggregation. The example below provides a sample imprecise cube (D, l, F, O, H) i.e. sales and a conceptual non-rigid hierarchy product with reference to milk consisting of l i ,…, l n levels with respective levels of membership and non membership < µ ij ν ij , > . The defined IF OLAP Cube and the proposed OLAP operators allow us to: accommodate imprecise facts, utilise conceptual hierarchies used for aggregation purposes in the cases of roll-up and roll down operations and offer a unique feature such as keeping track of the history when we move between different levels of a hierarchical order In the next section, the fundamental cubic operators are defined and explained.
Cubic operators

Selection (Σ):
The selection operator selects a set of fact-instances from a cubic structure that satisfy a predicate (θ). A predicate (θ) involves a set of atomic predicates (θ 1 , …, θ n ) associated with the aid of logical operators p ( i.e. ∧, ∨, etc.) . The set of possible facts (cubic instances) that satisfy the θ should carry a degree of membership µ and non-membership ν expressed as
Input: C i = (D, l, F, O, H) and the predicate θ = (D 1 , l 1 , F 1 , O 1 , H 1 ) and C i2 = (D 2 ,l 2 , F 2 , O 2 , H 2 ) Output:
Mathematical notation:
( ) i o C C θ = ∑ Cubic Product ( ⊗ ):C o = (D o , l o , F o , O o , H o ) where D o = D 1 ∪ D 2 , l o = l 1 ∪ l 2 , O o = O 1 ∪ O 2 H o = H 1 ∪ H 2 , F o = F 1 X F 2 F o ={<<x, y>, min(µ f1 (x), µ f2 (y)), max(ν f1 (x), ν f2 (y),)>|<x, y>∈ X×Y} Mathematical notation: C i1 ⊗ C i2 = C o
Union (∪):
The union operator is a binary operator that finds the union of two cubes. C i1 and C i2 have to be union compatible. The operator also coalesces the valueequivalent facts using the minimum membership and maximum non-membership.
Difference (-):. The difference operator removes the portion of the cube C i1 that is common to both cubes. C i1 and C i2 have to be union compatible.
where x=<att 1 , …,att n > is an ordered tuple belonging to a given universe X, {att 1 , …, att n } is the set of attributes of the elements of X, µ F (x) and ν F (x) are the degree of membership and non-membership of x. The result is a bag of the type {<x′, µ F (x′) , ν F (x′)>| x′∈ X }. To this extent, the bag is a group of elements that can be duplicated and each one has a degree of µ and ν.
Input: C i = (D, l, F, O, H) and the function
Roll up (∆): The result of applying Roll up over dimension d i at level dl r using the aggregation operator A over a datacube
An object of type history is a recursive structure H where ω is the initial state of the cube and (l, D, A, H') is the state of the cube after performing an operation on the cube. The structured history of the datacube allows us to keep all the information when applying Roll up and get it all back when Roll Down is performed. 
of the attribute att n-1 of the fact table F is defined by: 
Conclusions
Whereas in classic fuzzy sets, all the elements are on the same level and are associated with a degree explicitly defined, this is not necessarily the case in H-IFS because several levels of detail exist in the hierarchy, and the hierarchical links between the elements have to be taken into account. The hierarchical links are defined by the "kind of, ≤" relation. H-IFS that have the same closure define equivalence classes, called minimal H-IFS.
We have presented a new multidimensional-cubic model named as the IF-Cube. The main contribution of this new model is that is able to operate over data with imprecision in the facts and the summarisation hierarchies. These features are inexistent in current OLAP tools. Furthermore we notice that our IF cube can be used for the representation of linguistic terms.
